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Question 1 (Unit C1) - 33 marks 
(a) Let 
+1 
IO) = Baris e De 
(i) Show that f has a pole of order 2 at the point —1/2, and evaluate 
the residue of f at —1/2. 


(ii) Use the strategy for evaluating real trigonometric integrals and the 
result from part (a)(i) to deduce that 


ie cost 8a 
— dt = -—. 
o (4cost+5)? 27 


(b) Use a method for summing series of even functions to prove that 


oO 


8 T 
ee ee E. 
Doe CONES 


n=1 


(c) Use Theorem 5.3 on page 72 of Book C to prove that 


Question 2 (Unit C2) - 34 marks 
(a) Sketch the path 
= it 
Oe ene as 
indicating the directions of increasing values of t. 
Mark the points 1 and —1 on your diagram, and write down the winding 
number of I around each of these two points. 
(b) Determine the number of zeros of the function 
f(z) =z +i -52 +2 
in each of the following sets. 
G) S1 = {z:|z| <1} 
(Gi) S2= {2:1 < |z| <2} 
(üi) S3 = 42 : |z| > 2} 


(c) Let f(z) = (z — r)sin z. Find an integer n such that f is n-to-one near 
the point 7. 


(d) Determine 
max{lexp(1/23)] : 1 < |z] < 2}, 


and find all points at which the maximum is attained, giving your 
answers in Cartesian form. 
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(e) 


(a) 


Consider the series 
OO 
yan 
2 An 4+ 4° 
n=1 


(i) Prove that the series is uniformly convergent on {z : |z| < r}, 
for 0 <r <2. 


(ii) Prove that the series defines a function that is analytic 
on {z : |z| < 2}. 


Question 3 (Unit C3) - 33 marks 
Find a Möbius transformation of the form 
z+b 
f(z) igg cz a 1? 


for suitable real numbers b and c, that has fixed points 37 and —3i. 
Let f be the Mobius transformation 


z+i7 
fe) = 


and let C = {z : |z — 1| = 2}. 


(i) Find an equation for the image circle f(C) in Apollonian form. 


(ii) Determine the centre and radius of f(C). 
Let 
R = {z:|z| < 1, Imz — Rez > 1}, 
S={z:0< Argz < T/4}, 
T = {z : Rez <0, Imz > 0}. 
(i) Sketch the regions R, S and T. 


(ii) Write down a positive number A such that the point A(—1 + 7) lies 
on the boundary of R. 


(iii) Determine a one-to-one conformal mapping f from R onto S. 
(iv) Determine a one-to-one conformal mapping g from S onto T. 


(v) Hence determine a one-to-one conformal mapping h from R 
onto T. 


(vi) Find the rule for the inverse function h~! of the function h found in 
part (c)(v). 


(vii) Determine the image under h of the set C — R. 
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